Abstract. This paper gives a historical account of the early years of extended irreversible thermodynamics (EIT). The salient features of this formalism are to upgrade the thermodynamic fluxes of mass, momentum, energy, and others, to the status of independent variables, and to explore the consistency between generalized transport equations and a generalized version of the second law of thermodynamics. This requires going beyond classical irreversible thermodynamics by redefining entropy and entropy flux. EIT provides deeper foundations, closer relations with microscopic formalisms, a wider spectrum of applications, and a more exciting conceptual appeal to non-equilibrium thermodynamics. We first recall the historical contributions by Maxwell, Cattaneo, and Grad on generalized transport equations. A thermodynamic theory wide enough to cope with such transport equations was independently proposed between 1953 and 1983 by several authors, each emphasizing different kinds of problems. In 1983, the first international meeting on this theory took place in Bellaterra (Barcelona). It provided the opportunity for the various authors to meet together for the first time and to discuss the common points and the specific differences of their previous formulations. From then on, a large amount of applications and theoretical confirmations have emerged. From the historical point of view, the emergence of EIT has been an opportunity to revisit the foundations and to open new avenues in thermodynamics, one of the most classical and well consolidated physical theories.
Introduction
The aim of this article is to present and to illustrate the early history and developments of a unified non-equilibrium thermodynamic approach that goes beyond local equilibrium and the classical transport laws. This formalism is presently known as "Extended Irreversible Thermodynamics"; the term "extended thermodynamics" is also used in the literature to denote thermodynamic theories incorporating the thermodynamic fluxes as independent variables. These theories include extended irreversible thermodynamics, rational extended thermodynamics, internal variables theory, and some approaches to kinetic theory. All of them will be discussed in this paper, albeit not in full extent, which would be impracticable, but focusing on their respective contributions to the development of the formalism. Extended thermodynamics has been the subject of several books and hundreds of articles and embraces a wide variety of phenomena, from heat, matter and electric transport to rheology, relativity, and cosmology. Modern technology strives towards miniaturized devices, high frequency, and strongly non-linear processes, which emphasizes the need to open the way to new conceptual frameworks generalizing the classical approaches of equilibrium and nonequilibrium thermodynamics with the perspective not only to cope with these new technological challenges, but also to suggest new practical inputs.
Extended irreversible thermodynamics (EIT) establishes a deep coupling between generalized transport equations including relaxation and non-local terms, and a generalized entropy and entropy flux, leading to a consistency of the transport equations with the second law of thermodynamics. This is not possible in the framework of classical irreversible thermodynamics, and therefore one has to generalize the notions of entropy and of entropy flux, together with a reformulation of the second law. The basic idea behind EIT is to take the fluxes as independent variables, in addition to the classical thermodynamic variables, to consider the transport equations as evolution equations for the fluxes, and to explore the corresponding contributions of the fluxes to the entropy and entropy flux. This approach asks for a deep reexamination of the foundations, namely, the definition of entropy (which in classical thermodynamics is only defined for equilibrium states), the meaning of temperature, the formulation of the second law at the mesoscopic level, and their relation with microscopic and macroscopic descriptions. This view also opens new ways towards the description of multi-scale phenomena, involving different time and length scales.
The idea of taking the fluxes as independent variables which began in EIT with the purpose to deal with some specific and highly specialized topics has turned into a much wider philosophy, which can nowadays be transferred to many other different disciplines.
EIT illustrates the relevance of new ideas in thermodynamics. This is in contrast with most current approaches, which are mainly interested in the dynamical aspects of the phenomena, where generalized transport equations are either proposed or derived from microscopic bases, or molecular dynamical simulations, without paying attention to fundamental problems as those related to entropy and the second law.
From a practical point of view, a mesoscopic approach as EIT, intermediate between the microscopic and the macroscopic ones, is useful because it leads to more detailed approximate equations than the classical ones are. It allows for much faster analyses than those carried out on a microscopic basis. Once having identified the most promising physical configurations and conditions, one can still go back to their microscopic foundations.
In the next sections, we present a survey of the evolution of EIT since its beginnings with Machlup and Onsager [Machlup 1953 ] and its first formulations up to 1983 [Casas-Vazquez 1984] when the formalism was seen as a consistent entity rather than a mere collection of unrelated parts. The generalization of the classical transport evaluation of this approximation can be achieved through the Deborah number De = τ m /τ M with τ m , denoting the microscopic equilibration time, e.g. the time interval between two successive collisions among the particles of the system, which is of the order of 10 −12 s in gases at atmospheric pressure or in solids, and the macroscopic characteristic time τ M whose order of magnitude is related to the duration of an experiment, say about one second. For De 1, the local-equilibrium hypothesis is fully justified because the relevant variables evolve on a large time scale τ M and do practically not change over the time τ m , but the hypothesis is not appropriate to describe situations characterized by De 1. Large values of De are found in systems with long relaxation times, like polymers, rarefied gases, superfluids and superconductors or in high-frequency or very fast phenomena, such as ultrasound propagation, shock waves, laser pulse heating of materials, nuclear collisions, etc. A consequence of the local equilibrium assumption is that all the variables defined in equilibrium, like entropy and temperature, remain unequivocally defined away from equilibrium, but they are allowed to vary with time and space. Another consequence is that the local state variables are related by the same state equations as in equilibrium. This means, in particular, that the Gibbs relation between entropy and the state variables remains valid locally for each value of the time t and the position vector r. For example, in the case of an n-component fluid of total mass m, the local Gibbs equation reads
where s is the specific entropy (per unit mass), u the specific internal energy, T the absolute temperature, p the hydrostatic pressure, v the specific volume which is related to the mass density ρ by v = 1/ρ, c k = m k /m the mass fraction of substance k, with μ k its chemical potential. From the kinetic theory point of view, the local equilibrium hypothesis is justified only for conditions where the Maxwellian distribution is approximately valid.
The second cornerstone of CIT is to assume that the time evolution of entropy is governed by a local balance equation of the form where the inequality sign refers to irreversible processes and the equality sign to reversible ones or to equilibrium states. Note that this statement is more restrictive than the formulation of the second law in equilibrium thermodynamics, which only requires that in isolated systems, the global entropy of the final equilibrium state is higher or equal to its value in the initial equilibrium state, which does not exclude situations with entropy decreasing for short times, on the condition that in the final state, the entropy is larger than in the initial one. In contrast, expression (2.3) states that entropy production must increase at any time and any point in space.
Generalizing the second law to non-equilibrium states is not a trivial matter as entropy is not defined in non-equilibrium states, moreover, classical thermodynamics compares only entropy in the final and initial equilibrium states but does not provide unequivocal information about the behavior of the entropy in intermediate states during the process.
Combining the Gibbs equation and the entropy balance, it is found, after use is made of the conservation laws of energy, total mass and mass fraction, that σ s consists 6
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Fluxes Forces
of a sum of products of so-called thermodynamic fluxes J α and thermodynamic forces
The thermodynamic forces X α are generally related to the gradients of the intensive variables (the name forces does not refer to truly mechanical forces, but to general factors driving changes in the system, in an analogous way as one could refer to social forces or intellectual forces driving a change in society), whereas the fluxes J α can be identified with the fluxes of energy, mass, mass fractions, or momentum. In the case of a one-component fluid, expressions for J α and X α are given in Table 1 , where q is the heat flux vector, P 0v the traceless symmetric, second-order pressure tensor defined as
denotes the deviatoric part of the tensor and I the identity tensor), p v the scalar viscous pressure (=(1/3) trP v ), v the velocity vector (not to be confused with the scalar specific volume v) and V the symmetric part of the velocity gradient tensor.
Experience indicates that the thermodynamic fluxes and forces are not independent but that there are relations between them, see, e.g. the Seebeck, Peltier, Dufour and Soret effects, the coupling of several chemical reactions in chemical kinetics, or the relations between chemical reactions and transport in biological systems. Moreover, the simplest way to ensure that the rate of entropy production σ s is positive definite is to assume that the fluxes are linear functions of the forces so that
here the L αβ are so-called phenomenological coefficients. The flux-force relations (2.5) are named phenomenological relations, constitutive equations, or transport equations. Substitution of the linear flux-force relations (2.5) into expression (2.4) of the rate of entropy production yields the quadratic form
According to standard results in algebra, e.g. Courant and Hilbert [Courant 1962 ], the necessary and sufficient conditions for σ s 0 are that the determinant L αβ + L βα and all its principal minors are nonnegative, from which it follows in particular that L αα 0. Other restrictions concern the symmetry properties of the phenomenological coefficients. It was proved by Onsager that, as a consequence of microscopic time reversibility (i.e. invariance of equations of motion of particles at the microscopic level with respect to time reversal), and the hypothesis of regression of fluctuations in the mean, that the coefficients L αβ are either symmetric [Onsager 1931] or skew symmetric [Casimir 1945 ] depending on the relative time-reversal property of fluxes and forces:
Applying the general results (2.4)-(2.6) to a one-component fluid leads to the following bilinear expression of the rate of entropy production per unit volume
which suggests the formulation of the following linear transport equations:
One recognizes in equation (2.9) Fourier's law by identifying the phenomenological coefficient L/T 2 with the heat conductivity λ; expression (2.10) is Stokes relation after l vv /T is identified with the bulk viscosity ζ, and finally (2.11) is Newton's law of hydrodynamics when L vv /T is set equal to 2η, with η the dynamic shear viscosity. After substitution of (2.9)-(2.11) in (2.8), it is concluded from σ s > 0 that λ > 0, ζ > 0, η > 0. The above results are important as they provide a thermodynamic background to the thermo-hydrodynamic transport relations. Other examples of fluxforce relations are Fick's law of diffusion and Ohm's law in electricity.
Besides providing a well-defined framework for the classical transport equations, CIT proves also to be useful as a basis for variational formulations. These have always played a central role in physics, recall the least action principle in rational mechanics or Fermat's principle in optics, but also in CIT Prigogine's minimum entropy production's principle. Prigogine's principle states that the total entropy production P decreases over time and is minimal at a stationary state, but it only holds under rather restrictive conditions such as time-independent boundary conditions, linear flux-force relations, and constant and symmetric phenomenological coefficients. A generalization of Prigogine's principle in the framework of EIT was proposed by Lebon and Dauby to account for the non-local heat conduction equation ] derived by Guyer and Krumhansl [Guyer 1966 ]. Lebon and Dauby's formulation served to establish the relevant heat slip boundary conditions frequently used in microfluidics and nanomaterials science . Going back to CIT, Prigogine's principle was extrapolated under the form of the so-called local potential [Glansdorff 1964 [Glansdorff , 1971 which opened the way to the study of the so-called dissipative structures, a term introduced by Prigogine. Dissipative structures take the form of well-ordered spatio-temporal patterns appearing far from equilibrium after the thermodynamic forces have reached a critical point. Typical examples are provided by Bénard's cells [Bénard 1900 )], temporal instabilities in chemistry as observed in the Belousov-Zhabotinsky reaction [Belousov 1958 ] and mimicked by the Brusselator [Nicolis 1977] , and the spatio-temporal Turing instability [Turing 1952 ]. Moving even further from equilibrium leads to the theory of chaos and complex systems which has been intensively treated at the end of the last century in particular by the Brussels' school [e.g. Prigogine 1980; Vidal 1991; Walgraef 1997; Gaspard 1998 ].
Shortcomings
Despite the considerable success and interest met by CIT, several shortcomings have been pointed out which have justified its extension and the formulation of other non-equilibrium theories. Let us list the most important criticisms of the classical approach to non-equilibrium thermodynamics.
1. By substituting the transport equations in the balance laws of mass, energy, and momentum, one obtains fields equations which are parabolic partial differential where χ = λ/ρc v is the heat diffusivity, c v being the specific capacity. Solution of (2.12) implies that after application of temperature disturbance, the latter will be felt instantaneous and everywhere in the body, otherwise stated, temperature disturbance will move at infinite velocity across the body. This shortcoming was explicitly identified by Cattaneo [Cattaneo 1948 ] and was one of the first motivations to go beyond CIT. Propagation of signals with an infinite velocity is untenable from a purely conceptual physical point of view. However, from a practical point of view, the infinite speed of propagation is not an issue because in most situations, especially in low-frequency processes, the characteristic time is much longer than the transit time of the signals. 2. The local equilibrium hypothesis, which is the basic assumption underlying CIT, has been the subject of a great deal of controversy. According to it the space of state variables is the same as in equilibrium. However, it is conceivable that other variables, not relevant at equilibrium, may also influence the process. This is, for instance, the case with polymers of long molecular chains in which their configuration influences considerably their behavior. It is also so for super-fluids and super-conductors whose peculiar properties call for the introduction of additional variables. 3. The local equilibrium assumption implies large time and space scales as compared respectively to the collision times and mean free paths of particles. As a consequence, CIT is not appropriate for describing high-frequency phenomena such as ultrasound propagation and short-wavelength systems and processes, like nanostructures, shock waves, light and neutron scattering, fast phenomena as explosions, laser pulse heating and nuclear reactions. 4. According to generalized hydrodynamics, the phenomenological coefficients, like the heat diffusivity or the viscosity coefficient are frequency and wavelength dependent [Garcia-Colin 1984] . This is in contradiction with the local equilibrium hypothesis, which implies that these coefficients are frequency and wavelength independent. 5. As the flux-force relations are assumed to be linear, CIT cannot describe irreversible processes governed by non-linear phenomenological equations. Many phenomena, like chemical reactions or non-Newtonian flows, are among these classes of processes. 6. Another subject of controversy concerns the validity of the Onsager-Casimir reciprocal relations. Although they were originally derived by Onsager to be applicable only at the microscopic level for situations close to equilibrium, they are currently used by the followers of CIT at the macroscopic level and even far from equilibrium. There exists no theoretical argument supporting such an extrapolation. Moreover, in Onsager's point of view, the thermodynamic fluxes are defined as time derivatives of extensive thermodynamic variables, and the forces are the derivatives of the entropy with respect to the same state variables. These requirements are not fulfilled by thermodynamic fluxes like the heat flux or the pressure tensor and thermodynamic forces as the temperature gradient or the velocity gradient tensor. 7. Along the same lines, the important question has been raised of the unequivocal selection of fluxes and forces. One usually identifies the thermodynamic fluxes with the fluxes that appear in the balance laws of mass, momentum, and energy, while the forces are taken to be the conjugated terms in the bilinear expression of the entropy production. An alternative [de Groot 1962] is to consider as forces the gradient of intensive variables, such as temperature and velocity, and as fluxes the conjugate terms in the expression of entropy production. Unfortunately, such definitions are not applicable to chemical reactions. Another school of thought states that it makes no difference how the fluxes and forces are selected, as long as changing the frames of reference leave invariant the entropy production expression. But even if the reciprocal property of the phenomenological coefficients holds for a given choice of fluxes and forces, it may not hold for another selection [Coleman 1960; Wei 1974 ]. 8. Minor criticisms concern the applications of the so-called Curie law according to which fluxes couple only with forces of the same tensorial order in isotropic materials. It is well known [Truesdell 1966 [Truesdell , 1969 that such a conclusion is directly derivable from representation theorems of isotropic functions and there is no need to refer to the name of Curie to display this property. It is also important to keep in mind that "Curie's law" is not valid outside the linear regime even for isotropic bodies, a limitation sometimes forgotten by some authors.
To remedy the deficiencies of CIT, several formulations taking care of the above shortcomings, such as rational thermodynamics, internal variables theory, Hamiltonian structures, EIT have been developed: it is our purpose to focus on EIT whose early history will be explored in the next sections. Comments on the other formalisms can be found in Section 8.
Early motivations and roots of EIT: generalized transport equations
In Section 2, we have reviewed the classical transport laws of Fourier, Stokes and Newton. In these equations, the fluxes are proportional to the gradients of some quantities (temperature, velocity), evaluated at the same time. Thus, there exists an instantaneous relation between the gradient and the flux. This led to conceptual and practical problems, which have stimulated, since the times of Maxwell, the research on more general transport laws. One of the most obvious options was Maxwell's law for viscoelastic materials, in which a relaxation term given by a relaxation time multiplied by the time derivative of the pressure tensor P v was added to Stokes law of viscous fluids. It follows that when the time-variation of P v is small compared to the reciprocal of the relaxation time, the system behaves like a viscous fluid, but when its rate of change is important, the body behaves as an elastic solid. In this section we will comment on the need for such generalized equations.
Cattaneo's work
Cattaneo [Cattaneo 1948 ] was the first to try to solve the paradox of heat signals propagating at infinite speed. He suggested, for the problem of heat conduction in rigid bodies at rest, to replace Fourier's law by a non-stationary relation reflecting the property that the heat flux at a given time t depends on the temperature gradient at an earlier time τ so that, after performing a Taylor expansion of ∇T (t − τ ), one obtains
Unfortunately, this modification does not solve the problem. For q = 0, the temperature gradient tends exponentially toward infinity. Moreover, by replacing (3.1) in the energy balance law,
it is checked that the differential equation governing the behavior of the temperature is still parabolic. However, the paradox is easily solved by assuming
and, after a Taylor expansion of the heat flux, we get 4) which is nowadays known as the Cattaneo relation. Eliminating q between (3.4) and the energy conservation law (3.2), and using the equation of state u(T ) = c v T with c v = ∂u/∂T denoting the specific heat at constant volume, one is led to
with the assumption of constant values of c v and λ. This is a hyperbolic equation allowing for a finite velocity of propagation of thermal pulses, or high-frequency waves with a phase speed v ph , given by:
Note that by setting τ = 0 in (3.6), which corresponds to Fourier's law, the velocity of propagation becomes infinite, as mentioned earlier. In a great number of problems, the relaxation time is very small, of the order of 10 −10 s under normal conditions of temperature and pressure. This is the reason why generally in engineering science this effect is quantitatively too small to be taken into account. The velocity v ph is also called the second sound to be distinguished from the first sound which refers to a pressure wave moving with the velocity (∂p/∂ρ) s . The theory of solids predicts that χ/τ = c 2 0 /3 in the Debye approximation, with c 0 the sound velocity. After introducing this value in expression (3.6), it is found that the second sound is given by the constant value v ph = c 0 / √ 3. As a corollary, one obtains a quantitative estimate for the relaxation time in terms of measurable quantities, namely τ = 3λ/c v c 2 0 . However, the result predicting that the second sound is constant is in conflict with experiments showing that it depends on temperature.
Interesting analyses of Cattaneo's relation are found in the works by Chester [Chester 1963 [Chester , 1966 . Apparently unaware of Cattaneo's paper, which was written in Italian, Vernotte published a French version [Vernotte 1958 ] of Cattaneo's main results. During the same period, several attempts were made [Gurtin 1968; Luikov 1969; Bubnov 1976 ] to modify the heat conduction equation so as to predict thermal waves. Non-stationary expressions similar to Cattaneo's law (3. 3) where the heat flux vector is replaced by the mechanical stress tensor were used to study magnetohydrodynamic flows [Wilhelm 1975 ].
Grad's work
The kinetic theory of gases, and more particularly the works of Grad have been a useful tool [Grad 1949 [Grad , 1958 for the formulation of a non-equilibrium thermodynamics extending the scope of CIT. Grad was the first to elevate the fluxes to the rank of independent variables in his search to solve the Boltzmann equation in the case of an ideal or dilute monoatomic gas
Here f (r, c, t) denotes the one-particle distribution function giving, at time t, the number density of particles located in the interval r and r + dr with velocity between c and c + dc, F is the external force and J(ff ) the collision integral. The connection between kinetic and continuum theories is made through the construction of moments of the distribution function. Such moments are, for instance, the five conserved quantities 8) and the energy and momentum fluxes defined, respectively, by (3.10) with C standing for the relative velocity C = c − v with respect to the mean velocity v and m for the mass of the particles. Grad's method consists in expanding the non-equilibrium distribution function f (r, c, t) in terms of a complete set of Hermite polynomials, around the local Maxwellian equilibrium distribution f eq (ρ, u). The coefficients in this expansion are identified as the five conserved densities plus higher-order moments, their time evolution is governed by an infinite set of coupled differential equations which, when truncated at an appropriate level of moments, can be solved.
In the thirteen-moment approximation, taken here as an illustration, the distribution function is not only a function of the conserved variables through the Maxwellian distribution function f eq but also of the heat flux and the traceless deviatoric pressure tensor, namely
a colon stands for the double scalar product. Expression (3.11) implies that the nonequilibrium entropy density defined classically by
is not only a function of the conserved variables ρ and u but depends in addition on the fluxes q and P 0v so that one is allowed to write:
The enlargement of the space of state variables appears therefore as a direct consequence of Grad's method, and relation (3.13) expressing the entropy function in terms of the 13 moments can be viewed as the fundamental postulate of the macroscopic formulation of EIT as it confirms the status of q and 0 P v as state variables. This procedure has been generalized to include 26 and more moments [Velasco 1993; Müller 1993] , but the problem with higher order moments is their identification at the macroscopic level. However, Grad's objective was not to construct a thermodynamic theory generalizing CIT so that, in that perspective, his contribution passed rather unnoticed.
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A short conceptual presentation of extended irreversible thermodynamics
Before presenting the historical evolution, we provide here a short introduction to the essential concepts of extended thermodynamics. For pedagogical reasons, the analysis of the foundations underlying the early versions of EIT will be given here by using as a case-study the rigid heat conductor at rest (ρ = const., v = 0 so that the material time derivative may be identified with the partial time derivative: d/dt = ∂/∂t). The generalization to more complicated systems such as fluids, mixtures, suspensions, porous media, and others has been dealt with in detail in numerous publications.
Recall that one of the motivations behind EIT is to remove the possibility of waves propagating at infinite velocity. This can be accomplished by assuming that the fluxes, here the flux of energy, are taken as state variables so that the space V of state variables will be formed by the union of the (slow and conserved) classical variables C and the (fast and non-conserved) flux variables F . In the problem of heat transport, the single conserved variable is the internal energy u and the heat flux q is the nonconserved flux variable so that the space of state variables V consists of the pair u, q. The corner stone of EIT is to assume the existence of an entropy function s that depends on the whole set V of variables, here u and q, and whose rate of production is positive definite; in addition, it is assumed to be a concave function of the variables to guarantee stability of the equilibrium state. In differential form, one has
wherein a sub-index means that the corresponding quantity remains constant. Set ∂s/∂u) q = θ −1 (u, q) with θ (u, q) being defined as the absolute non-equilibrium temperature and ∂s/∂q) u = α (u, q)/ρ, with the factor 1/ρ being introduced for convenience, α (u, q) is a quantity depending in general on u and q, to be given by a constitutive relation. In terms of the material time derivative, expression (4.1) is then given the form
The non-equilibrium temperature θ (u, q) should not be confused with the (local) equilibrium temperature. A Taylor expansion of θ (u, q) around q = 0 results in
where T (u) stands for θ(u, 0) and represents the equilibrium temperature which is q-independent, γ(u) is a phenomenological coefficient; it is worth to stress that θ reduces to T when second order contributions in q 2 are omitted. For a detailed review and discussion on the definitions of non-equilibrium temperature, see the works of Luzzi et al. and Casas-Vazquez and Jou [Luzzi 1997; Casas-Vazquez 2003] .
From the isotropy property of constitutive equations, one may write α = a(u, q 2 )q where a is a scalar function of u and q 2 . Substituting this expression in (4.1) and making use of the energy conservation law (3.2), it is seen that ds/dt can be cast in the form
Comparing with the general balance equation for entropy expressed by (2.2), we read off the identifications Assuming in (4.6) a linear relation q = LX between the flux q and the force X, represented by the two terms in the parentheses, one finds
With the identifications La = τ (relaxation time) and L/θ 2 = λ (heat conductivity), one recovers Cattaneo's law
Some considerations about the signs of the various phenomenological coefficients are in order: substitution of the linear flux-force law q = LX in (4.5) leads to
and therefore L > 0 whence λ > 0; furthermore, integration of the Gibbs relation (4.2) up to second order terms in q yields
from which follows a < 0 to satisfy the property that s is maximal at (local) equilibrium. By combining a < 0 and L > 0, it is concluded that τ > 0, indicating that the relaxation time is indeed a positive quantity, as it should. The above results exhibit the main achievements of EIT in the case of relaxational heat transport. To explore further the physical contents of Cattaneo's relation (4.8), let us write its solution as 11) which illustrates the property that the heat flux q(t) possesses memory with an exponential memory decay. It was shown in Section 3 that elimination of q between the energy and Cattaneo's law yields the telegrapher equation (3.5). For short time scales t/τ 1, the first term of equation (3.5) is dominant, so that it reduces to 12) which is the classical wave equation describing a reversible process as it is invariant with respect to time reversal t → −t. In contrast, for long time scales t/τ 1, the first term of (3.5) is negligible and one recovers the heat diffusion equation (2.12), which is not invariant when t is changed into -t as it is related to an irreversible process. To summarize, at short times the telegrapher transport equation (3.5) is reversible and heat propagates with a finite speed (which may be interpreted microscopically as a ballistic motion of the particles before experiencing a collision), whereas at longer times the process becomes irreversible and heat is diffused throughout the system. In that respect, the telegrapher equation is more general than Fourier's law, as it describes the transition from the reversible to the irreversible behavior, with τ interpreted as the characteristic time for the crossover between ballistic motion and the onset of diffusion. In the context of the theory of deterministic chaos, τ corresponds to the Lyapunov time beyond which predictivity is lost [Nicolis 1989 ].
The above results are easily generalized to the study of a thermo-viscous fluid. Taking for the entropy 
14)
where θ and π stand for the (non-equilibrium flux-dependent) temperature and (nonequilibrium flux-dependent) pressure, whereas the derivatives of s with respect to the fluxes have been identified as
respectively. Neglecting non-linear contributions in the fluxes so that it is justified to replace θ by T , making use of the balance equations of mass and energy and following the same procedure as in the case of heat conduction, one is led to the next linear evolution equations,
where τ 1 , τ 0 , τ 2 are relaxation times. When these times are negligible, the set (4.15)-(4.17) reduces to the Navier-Fourier-Stokes relations (2.9)-(2.11). One recognizes Cattaneo's and Maxwell's equations in expressions (4.15) and (4.17), respectively. Although the linear equations (4.13)-(4.15) predict that disturbances move at finite speed, there is no guarantee that the same property holds for non-linear systems.
The above results are easily generalized by changing the identification of J s , to 18) which is derived straightforwardly from the representation theorems of isotropic functions and where β and β are phenomenological coefficients. Relation (4.18) is important because it represents an example wherein the colinearity between J s and q as expressed by (4.5) is given up.
Writing the entropy production in the form 19) and making use of (4.14) and (4.18), one obtains for σ s a bilinear relation in the fluxes and generalized forces containing time derivatives and spatial gradients. Assuming linear flux-force relations leads to the following set of evolution equations (Lebon 2008a; Jou 1983 Jou , 1993 :
τ 0 dp 
P
v . These are related to contributions coming from the entropy flux, whereas those involving the relaxation effects are associated to the non-classical terms in the Gibbs equation (4.14). These results show that generalized transport equations and extended forms of the entropy and entropy flux are closely related to each other.
Although the first formulations of EIT are satisfactory from several physical aspects by avoiding the paradox of signals propagating at infinite velocity and embracing rather general evolution equations like (4.20)-(4.22), they present some shortcomings. First, hyperbolicity is not universally guaranteed and requires, in particular, that some bounds be put on the field variables [Jou 1993; Müller 1998 ]. Moreover, it was shown that for shock waves with a Mach number beyond some critical value, the shock structure is lost in contradiction to the Navier-Fourier-Stokes equations where the shock is preserved whatever the value of the Mach number. In the 13-moment approximation, which is equivalent to taking q and the traceless 0 P v as variables, the critical Mach number [Ruggeri 1993; Müller 1998 ] is Ma = 1.65 and this value increases only slowly when the number of moments is increased [Weiss 1990 ]. Another criticism concerns expression (4.18) of the entropy flux. The additional terms (second and third) do not receive a solid justification unless they may be supported by kinetic or statistical mechanical arguments. Moreover, by comparing the theoretical results of wave speed and absorption coefficients with experimental data, one observes a satisfactory agreement only for values of ωτ < 2 [Anile 1984; Lebon 1989 ]. In addition, the above relations contain non-objective time derivatives and therefore do not comply with the criterion of material frame indifference . From a more fundamental point of view, the approach was criticized by van Kampen for whom the use of fast variables, like the fluxes, is not justified [van Kampen 1987] because only slow variables should enter into a macroscopic description. Van Kampen's arguments are based on Chapman-Enskog's treatment where higher-order fluxes are not selected as variables, in contrast with Grad's method. However, Chapman-Enskog's iterations, as it is actually well-known, lead to instabilities, e.g. [Struchtrup 2005 ], which is not the case with Grad's approach. More generally, for van Kampen and others, one has the microscopic world with the kinetic theory and one has the macroscopic level with hydrodynamics, but no mesoscopic level between them.
It was also argued that if the relaxation times of all the higher-order variables are of the same order, it is not sufficient to add the single first-order fluxes, but the fluxes of all higher orders should be incorporated into the description [Garcia-Colin 1995] . To deal with this objection, a hierarchy of equations for higher-order fluxes up to infinity has been introduced, and, instead of truncating them at given order of approximation, which is the common practice, some asymptotic expressions are derived, leading to the definition of renormalized flux relaxation times. The goal of this procedure is to take into account all the higher-order fluxes via these renormalized relaxation times in such a way that only the first order flux, say the usual heat flux or/and the viscous pressure tensor are needed in the analysis [Jou 1993 ].
The several independent formulations of EIT
Under the label of EIT, one finds a great variety of approaches to cope with the difficulties discussed above. This is a particular illustration of a theory proposed by different researchers, who start from different motivations and on different grounds, often ignorant of each other's contributions, probably because of the long interval of time elapsed between several consecutive proposals and the specific aims and ego
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Machlup and Onsager (1953): A formal kinetic extension of constitutive equations
To our knowledge, the first reference to a generalized entropy depending on the fluxes and related to relaxational constitutive equations was formulated by Machlup and Onsager, in 1953 , then at Yale University, as the second part of their well-known analysis of fluctuations and irreversible processes. These authors refer in the subtitle of their paper to "systems with kinetic energy" to stress this dependence. They work in the abstract general framework set out by Onsager in 1931, wherein the fluxes are expressed as the time derivatives (denoted here by a upper dot)α i of the variables α i . In their paper of 1953, Machlup and Onsager wrote for the global entropy S.
with S 0 a reference value of the entropy; s ij , m ij are coefficients related to the second derivatives of the entropy with respect to α i α j andα iαj , respectively. According to Machlup and Onsager, the evolution equations will be given the form
For m ij = 0, the second-order time derivative disappears from (5.2), as well as the contribution of the fluxes to the entropy, and both (5.1) and (5.2) reduce to
with X i standing for the "thermodynamic force". Machlup and Onsager dubbed the contribution of the fluxes to (5.1) as "kinetic contribution" due to the "inertia" of the system. Starting from the above results, Machlup and Onsager discussed a set of linear, second-order, stochastic processes, analyzed the fluctuations and the reciprocal relations amongst the coefficients, as well as the "fluctuation paths" of the fluctuations. They pointed out that in the generalized case, the "thermodynamic forces" should be written as: 5) emphasizing the analogy between the second term of this sum with d'Alembert's force in mechanics and Lagrange equations for non-conservative systems. However, Machlup and Onsager's ideas did not percolate through macroscopic thermodynamics, because the authors turned their attention to other problems (biophysical ones for Machlup, quantum aspects of vorticity in superfluids for Onsager). Although the essential ideas of extended thermodynamics were already rooted in Machlup and Onsager's paper, it did not lead to fruitful developments and was forgotten and remained unmentioned in the great majority of works on EIT.
Nettleton (1959-1960): Heat flux and viscoelasticity in liquids
The next researcher to explore topics related to extended thermodynamics was Nettleton, apparently unaware of the previous proposal by Machlup and Onsager. Nettleton studied relaxation equations for viscoelastic liquids [Nettleton 1959 ] and for thermal conductors [Nettleton 1960] . For the first time, it was proved that Cattaneo's and Maxwell's viscoelastic relations follow directly from thermodynamics, provided the classical Gibbs equation is supplemented by extra contributions in the fluxes. It was the merit of Nettleton to select fluxes as independent variables at very short times, high frequencies, and non-equilibrium states within a thermodynamic context. Identifying the heat flux q with an internal ordering parameter ξ, Nettleton wrote the Gibbs' equation in a form reminiscent of that used to describe chemical reactions, Nettleton was especially interested in heat transport in liquids, where the heat flux may be split into two independent contributions, one of them related to sound waves and the other one to diffusing particles. He derived on a microscopic basis the various non-equilibrium terms in the entropy and he used the equality of the second-order crossed derivatives (analogous to the Maxwell relation of usual equilibrium thermodynamics) to relate information on crossed effects between the mentioned contributions to the heat flux. These relevant contributions of Nettleton, supplemented by deep microscopic insights based on kinetic theory of liquids, did not receive the interest they deserved and were practically ignored in the thermodynamic literature for twenty years. A possible reason was that these papers were not very accessible because of the complexity of the system being studied. Moreover, instead of writing the Gibbs equation directly in terms of the fluxes, Nettleton viewed the fluxes as internal variables. Instead of presenting his work as the possible foundation of a new theory, he focused his attention on particular problems, as if the formalism was specifically tailored for them, instead of representing a contribution towards a more general formalism. Nettleton's ideas were brought back to life after he presented his work at the Bellaterra conference held in 1983 [Nettleton 1984] . In collaboration with Sobolev [Nettleton 1995] , he wrote two review papers on the applications of extended thermodynamics.
Müller (1966-1983): Kinetic theory of gases and generalized theory
Probably unaware of the ideas set forth by Nettleton, Ingo Müller in his Ph.D. Thesis [Müller 1966 ] at the Technical High School at Aachen, under the supervision of Meixner, put EIT in a more structured and systematic form. At this time, Meixner played an important role in the development of non-equilibrium thermodynamics not only by his criticisms of contemporary theories but principally by the formulation of an original approach [Meixner 1968 ] referred to as "entropy free thermodynamics". Meixner's motivation was the observation that entropy can only receive an accurate and univocal definition in equilibrium situations. However, because of the competition with the Brussels school headed by Prigogine and Rational Thermodynamics (see Sect. 8.1), Meixner's theory did not meet the credit that it deserved.
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The European Physical Journal H Let us go back to Müller's work. In his basic paper of 1967 [Müller 1967 ], he follows the lines of thought of classical irreversible thermodynamics but with two important differences; first, the entropy s is allowed to depend on the fluxes, and second, non-collinearity between entropy flux and heat flux is postulated. In the case of a thermo-viscous fluid, the entropy s is assumed to be a function of the same variables as in (4.13) with the entropy flux given by (4.18). Taking the time derivative of expression (4.13) and making use of the balance equations for density and internal energy, one identifies the entropy production σ s as a bilinear structure of fluxes and forces. Assuming linear relations between fluxes and forces, one obtains back the set (4.20)-(4.22).
Later on, Müller introduced the notion of coldness as a generalization of the absolute equilibrium temperature [Müller 1970 [Müller , 1971 . He proposed to substitute the classical expression (4.5) of the entropy flux by a more general expression
where T em designates the empirical temperature that can be measured by a thermometer, Λ was dubbed "coldness", to be given by a constitutive equation depending on T em and dT em /dt; its existence rests on the postulate that there exist "ideal walls" across which the temperature is continuous at all times, and that at such walls, the normal components of the heat flux and the entropy flux are continuous. It was proved that Λ is the same function for all materials, or, in Müller's terminology, that Λ is a universal function, which, in equilibrium is the inverse of the absolute temperature: Λ (T em , 0) = 1/T . In Müllers's view, the absolute temperature is not a primitive quantity but rather a derived one which depends on the empirical temperature. The notion of coldness was criticized by Meixner who proved that Λ is a universal function, for a restricted class of materials only, quoting him [Meixner 1974 ], "In the super class Λ is no longer a universal function and in non-equilibrium, it does not seem appropriate to consider T em as a temperature". Nevertheless, considering the entropy and the heat fluxes through an interface between two systems (say, a thermometer and a system) is convenient, as it is reminiscent of the contact between the system and the thermometer in measuring temperature. Although the existence of ideal interfaces is an interesting theoretical concept, in general the interfaces between different materials are not ideal, but exhibit so-called thermal boundary resistance, which implies not only a discontinuity of temperature through the surface, but concomitantly a discontinuity of the entropy flux, due to entropy production across the wall. Similar situations are not found in equilibrium thermodynamics, where the thermal contact is universal, i.e. independent of the degrees of freedom involved. This dependence on thermal contact implies that the extension of the zeroth principle of thermodynamics to non-equilibrium situations remains a delicate matter [Muschik 1977; Casas-Vazquez 2003] . Finally, one must be sure that only heat flux is exchanged between the two systems separated by the interface, at the exclusion of other quantities like matter, or dislocations. In view of the above and other criticisms, the idea of coldness was later abandoned by Müller and his collaborators. A good summary of Müller's work during this period can be found in the review article by Hutter [1977] . After his Ph.D. thesis, Müller moved to the USA and became familiar with rational thermodynamics [Coleman 1963 [Coleman , 1964 . For some years he abandoned extended thermodynamics, but in 1983 he revisited it by using his knowledge of the techniques of rational thermodynamics, but without adhering to the Clausius-Duhem inequality with the entropy flux identified as q/T . In a paper co-authored with Liu, Müller presented a new approach of extended thermodynamics [Liu 1983 ] using the methods of rational thermodynamics instead of those of classical irreversible thermodynamics. The ideas developed in this article were made more explicit and amplified to a monograph with Ruggeri, from Bologna University, entitled "Extended Thermodynamics" (1993); a second enlarged and completely revised version entitled "Rational Extended Thermodynamics" was published in 1998. Müller and Ruggeri have developed a mathematically elegant theory, however, applications to complex systems, as for instance real gases or macromolecular solutions, remain not straightforward. One reason is that for such systems, the heat flux and the viscous pressure tensor are no longer single physical entities with one single relaxation time, but a sum of several contributions with crossed effects, related to particle interactions and macromolecular internal structures.
Inspired by the developments of rational thermodynamics, where the entropy inequality is regarded as a constraint to the constitutive equations, EIT is considered by Müller as the combination of the classical balance equations of mass, momentum, energy, and entropy with the time evolution equations of higher-order flux quantities: the Gibbs equation is now a derived relation rather than a postulated statement. In addition, the evolution equations of mass, momentum, energy and higher order moments are viewed as providing constraints to the field variables u α (say ρ, v, u and higher order moments). Following Liu and Müller, the entropy inequality written in the form [Liu 1972 [Liu , 1983 ρ ∂s ∂t
must hold for all the set of variables, the Λ i 's are denoting here the Lagrange multipliers, which are introduced to eliminate the constraints set by the balance equations. At the end of the procedure, the Λ i 's will be identified in terms of the field variables. In addition, it is required that s is a concave function, ∂ 2 s/∂u α ∂u β 0, to guarantee stability of the equilibrium solutions and that the set of field equations are symmetric hyperbolic. This ensures not only finite speeds but also that, mathematically, the Cauchy problem is well-posed: uniqueness, existence, and continuous dependence of solutions are guaranteed. Moreover, in order to study shock waves, it is important to reformulate the field equations such that they exhibit a conservative form. The characteristic speeds, and, in particular, the maximum one, which represents the pulse speed, are easily calculated from the characteristic equation. In the case of a monatomic gas, the result depends on the number of moments selected for the description; the problem is that by increasing the number n of moments [Weiss 1990 ], the speed pulse increases with n without upper bound. This is a rather disappointing result as one of the main motivations for the theory was to find a finite speed of signals. However, this is not completely surprising as Boltzmann's equation allows for a non-vanishing probability of particles moving at any chosen speed. In Müller's approach, the problem of a non-equilibrium temperature is scarcely discussed; indeed, because the scheme is deeply rooted in the kinetic theory, the temperature is identified with the energy density, namely u = (3/2)k B T /m for a monatomic gas.
G. Lebon (1973-1978), D. Jou et al. (1979-1980): From fast processes to thermodynamics of steady states
In parallel to Müller, Lebon and Lambermont at Liège University, studied the problem of propagation of heat signals in rigid thermo-elastic bodies and viscous heat conducting fluids in the framework of EIT Lebon , 1978 . Works by Lebon and Lambermont were put into a more general and structured form in two papers written in collaboration with Jou and Casas-Vázquez, from the Universitat 20
The European Physical Journal H Autònoma de Barcelona [Jou 1979; Lebon 1980a] . The main objective of these two contributions was to go beyond the local equilibrium hypothesis by raising the fluxes to the status of truly independent variables; their relaxation constitutive equations, containing the time derivative of the fluxes, were not seen as a correction to the classical constitutive equations, but as evolution equations for the fluxes. Non-equilibrium entropy s neq , is not only a function of the classical conserved variables, as energy, but depends in addition on the dissipative fluxes, like the energy flux. For instance in the case of heat conduction, at the lowest order in q 2 , one has
with s eq (u) standing for the local equilibrium entropy, it is worth to stress that the coefficient in front of q 2 is expressed in terms of well-identified physical quantities as the heat conductivity λ and the relaxation time τ . This formulation gave a more definite and transparent status to the extended entropy, which previously could appear as only a formal proposal without a clear physical interpretation. Expression (5.10) of the entropy was seen to coincide with that obtained from the kinetic theory, both in Grad's and (for steady or slowly changing states) in Chapman-Enskog's treatments.
Extended entropy plays also a significant role in the description of fluctuations. For simplicity, we will restrict ourselves to fluctuations of the heat flux. Denoting by δq the fluctuation of q around its equilibrium value and substituting expression (5.10) of entropy in Einstein's relation [Landau 1980 ] for the probability of fluctuations W , one obtains
(5.11)
From this result follows that the second moment of fluctuations is given by [Landau 1980 ] (5.12) where the brackets stand for average values. Relation (5.12) emphasizes the link between the dissipative coefficient λ and the fluctuation of the heat flux and is an illustration of the well-known fluctuation-dissipation theorem, e.g. [Reichl 1980 ]: it provides a supplementary argument in favor of the physical consistency of the generalized entropy. Once the expression of entropy is known, there is no difficulty in deriving the corresponding equations of state that are directly obtained by simple derivation with respect to the state variables. This is particularly relevant in the study of nonequilibrium steady states. This may seem surprising, as EIT found its early motivations in the need to cope with rapidly changing states. However, there is no contradiction: indeed, when the energy fluxes are important, energy is entering and leaving the system at a fast rate, and the system becomes unable to thermalize during the short transit period that the energy spends in the system. Therefore, temporal arguments are important even in non-equilibrium steady states. Like in Müller's theory, the expression of the entropy flux J s will contain supplementary contributions in the fluxes besides the classical term q/T and the rate of entropy production σ s is assumed the be positive definite, at each point in space and at each instant of time, this property is exploited to put restrictions on the sign of the various phenomenological coefficients appearing in the evolution equations, as the heat conductivity, the bulk and shear viscosities.
Furthermore, some particular classes of problems like matter diffusion [Lebon 1980a ], micropolar media [Rubí 1980] , and charged particles systems [Jou 1982 ] received a specific treatment.
Gyarmati (1977): Wave approach to non-equilibrium thermodynamics
Akin to the above treatments, Gyarmati, at the Polytechnical University of Budapest, proposed a so-called wave approach of irreversible processes [Gyarmati 1977] . The latter was presented by the author as a generalization, to continuous media of the Onsager-Machlup theory with the entropy given by (5.13) where the J i are velocity-type variables, while m ij are tensors supposed to be symmetric and non-negative. The J i s are not the time derivatives of the state variables α i but defined through balance equations of the general form 14) with σ i the source density of the α i . Gyarmati introduces also generalized thermodynamic forces Xi, dependent not only on the gradients of state variables as in CIT, but also on the time derivatives of fluxes, more explicitly,
By comparison, the term ∂s/∂α i in the Onsager-Machlup approach (see expression (5.5)) is now replaced in (5.15) by ∂J i /∂t but J i is not given byα i . Moreover, in both formalisms, the phenomenological equations are of a different nature which allows Garcia-Colin and Rodriguez to conclude that Gyarmati's formulation is not a consequence of the Onsager-Machlup theory [Garcia-Colin 1988a] . With regard to the EIT formulation by Lebon, Jou, expressions (5.15 ) are viewed by Gyarmati as constitutive equations. Time evolution relations for the J i 's are not explicitly obtained nor sought. Moreover, Gyarmati keeps for the entropy flux the classical expression q/T and his constitutive equations do not contain terms in the gradients of the flux variables (as in expressions (4.16) to (4.19)) and are therefore less general. Finally, the symmetry of the phenomenological coefficients cannot be proved as the demonstration requires that the fluxes J i are the time derivatives of the α i variables. Gyarmati's formalism was developed by his collaborators as Verhas who proposed a generalization of the entropy flux [Verhas 1983 ].
Relativistic versions
The question of a finite speed of propagation of thermal and viscous signals is especially compelling from the point of view of relativity theory. Therefore, it is logical that this topic received special attention. Early relativistic approaches to hydrodynamics and non-equilibrium thermodynamics have been proposed by Eckart and by Landau and Lifshitz [Eckart 1940; Landau 1958] . However, these theories suffer from two main drawbacks; first, they predict an infinite speed for the propagation of thermal and viscous signals, which is not compatible with the principle of causality and also with some experimental data, but it is certainly intolerable in any relativistic theory which imposes that no material body can move faster than the speed of light. Secondly, the transport equations of the first-order theory contain some undesirable generic instabilities: for example, small-amplitude disturbances from equilibrium diverge exponentially with time on very short time scales [Hiscock 1985 ]. These shortcomings are overcome by using relativistic versions of EIT, e.g. [Israel 1976; Jou 1993; Müller 1998 ].
In the relativistic context, the energy and mass balance equations can be formulated as
with T λμ the energy-momentum tensor and N μ the particle-flux vector. The indices run from 1 to 4 (μ = 1, 2, 3 for space, μ = 4 for time) and a comma denotes a timespace derivative, in this section, summation convention on repeated indices will be used. The entropy density per unit volume s and the entropy flux J s form an entropy four-vector s μ (s, J s ), and the second law is expressed as the four divergence of s μ ;
In the framework of relativistic EIT, the entropy four-vector is given by
where u μ N is the unit time-like vector parallel to N μ , s N the local-equilibrium entropy in the particle frame, q μ N the heat flux vector, while Q μ N contains the contribution of the flux variables to the entropy and the entropy flux, namely (e.g. [Israel 1976 [Israel , 1979 
The first term of the right-hand side of (6.4) represents the second-order contributions of the fluxes to the entropy, whereas the second and third terms are the additional contributions to the entropy flux.
Müller (1969, 1986): Relativistic extended thermodynamics
Soon after the publication of his first papers on EIT, Müller formulated a preliminary relativistic version of them in a paper entitled "Towards relativistic thermodynamics" (1969) . In this work, the consequences of a hyperbolic heat conduction equation were framed into their relativistic consistency. An application to simple conducting fluids was published in 1972 [Alts 1972 ]. Some years later, together with Liu and Ruggeri, Müller proposed a relativistic version of rational extended thermodynamics [Liu 1986 ].
The classical balance equations of mass, momentum, and energy are written in their relativistic form as well as the balance laws of the higher-order fluxes. The differences with the classical non-relativistic theory are that one is faced with 14 field equations instead of 13 in the non-relativistic case and that the formalism requires first and second order moments against distribution functions up to the fourth order in the non-relativistic scheme. Explicit field equations are derived with only four parameters left unknown: the thermal equation of state, the heat conductivity, the bulk and shear viscosities, which can be obtained either from statistical mechanics or from experimental data. Specific applications are to the non-degenerate relativistic gas, the ultra-relativistic gas and mixture of relativistic fluids [Hutter 1975; Müller 1998 ].
Kranys (1972, 1977), Sieniutycz (1984, 1992): Partial differential equations and variational formulations
Kranys left Czechoslovakia in 1968 when Prague was occupied by the Warsaw Pact armies and moved to Montreal in Canada. He focused his attention on different subjects widely related to EIT, like hyperbolicity and its agreement with the causality principle and the relativity principle, requiring that one cannot exceed the speed of light in vacuo [Kranys 1972 [Kranys , 1977 . A general form of the hyperbolic operators for the most frequently used equations in mathematical physics was proposed. Hyperbolization of several equations as the Fourier, Stokes, Korteweg-deVries, Klein-Gordon, Schrödinger and Maxwell electromagnetic relations [Kranys 1989 ] were worked out. Kranys suggested also a Lagrangian formulation of the equations that he had studied. Describing dissipative processes by means of a Lagrangian formalism has been a subject of great interest during the seventies and eighties because there are many advantages in using them. For instance, they are the basis to the construction of variational principles. In that respect, let us also mention the contributions by Sieniutycz, from Warsaw Technological University and Berry from Chicago University [Sieniutycz 1984 [Sieniutycz , 1992 . However these variational formulations have been the subject of severe criticisms [Finlayson 1972; Lebon 1980b ] as they are not "true" variational principles in the sense that some quantities have to be kept fixed during the variational procedure.
Israel (1976): Relativistic kinetic theory
Relativistic thermodynamics was revisited in 1976 by Israel, then at the California Institute of Technology during a leave of absence from the University of Alberta in Canada. At this time, Israel was not aware of Müller's work. Israel was able to derive macroscopic transport equations akin to the evolution equations (4.17)-(4.19) of nonrelativistic EIT [Israel 1976 ]. He also discussed fluid mixtures. Restrictions imposed by the second law, expressed by (6.2), allowed him to derive explicit relations for the entropy flux and the entropy production. The results of Israel's phenomenological approach are shown to be parallel to the relativistic theory based on Boltzmann's equation. Since Israel's first article of 1976, a great number of papers was generated in relation with the relativistic kinetic theory and some astrophysical applications, as for instance supernova explosions, (e.g. [Stewart 1977; Israel 1979] . In particular, Israel's results were used in the analysis of the cosmological evolution of viscoelastic matter by Belinskii and collaborators [Belinskii 1979 ], opening the way to a fruitful field of applications of extended thermodynamics.
Pavón, Jou, and Casas-Vázquez (1980): A relativistic version of Cattaneo's equation
Pavón, Jou, and Casas-Vázquez at the Autonomous University of Barcelona, still unaware of Israel's work, proposed an extension of Cattaneo's equation within the relativistic context, by starting from the assumption that entropy and entropy flux are heat-flux dependent quantities [Pavon 1980 ]. The generalized Gibbs equation takes the form
where D = u ν D ν is the relativistic invariant derivative and a is a phenomenological coefficient. Combining the above result with the energy conservation law
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suggesting the following relativistic form of the Cattaneo equation
The phenomenological coefficient α is identified as α = −τ/λT . Note the presence of the term in the acceleration Du ν , which is not present in the classical versions of Cattaneo's law. A particular attention has been devoted to viscous cosmological models and their effects on the dynamics of the universe. Formulations of an extended Gibbs relation for nuclear matter and relaxation transport equations have proven to be of interest in the hydrodynamic analysis of collisions between heavy ions: the analysis of these collisions is helpful to determine the nuclear equations of state and to study the phase transition from the hadronic matter to the quark-gluon plasma [Griffin 1976; Stocker 1986; Koide 2007] . It was observed that generally the duration of the collisions between heavy nuclei is only one order of magnitude higher than the mean free time of nucleon collisions inside the nuclei which indicates that relaxation effects, as described by EIT, are important. Furthermore, during collisions the nuclei are far from equilibrium, so that non-equilibrium corrections of the equations of state may considerably affect the energy required for the phase transition in nuclear matter.
Kinetic and statistical mechanics approaches
We have already emphasized the role of kinetic theory as a source of motivation and inspiration for generalized transport equations. Furthermore, kinetic theory provides a version of the second law through the well-known H-theorem. The relation between the quantity H and the thermodynamic entropy is clear in equilibrium states, but this is no longer true far from equilibrium. The microscopic "entropy", or H function, is defined by (3.12). Out of equilibrium, let the distribution function be given by
with Φ a "first-order" non-equilibrium contribution, depending for instance on the heat and momentum fluxes. Introducing (7.1) in expression (3.12) of the entropy leads, up to and including second-order terms in Φ, to
2)
The merit of the above result is to shed some light on the range of validity of the local equilibrium hypothesis. Indeed, it is well known that the classical transport equations depend only on the first-order correction in Φ but, as seen in (7.2), such a first-order correction is absent from expression (7.2) whose first correction is of second order in Φ 2 . Thus, unless one is interested in a generalization of the transport equations or in second or higher order terms in the entropy, the local-equilibrium entropy remains satisfactory. It is also worth to stress that the rate of production of the truncated entropy (7.2) is positive for linearized transport laws, but not in general for nonlinear evolution equations, in contrast to the general entropy production resulting from the use of the general definition (3.12).
Classical kinetic theory is useful in obtaining expressions for the transport coefficients for a diversity of physical systems, or, in more sophisticated approaches, to formulate generalized transport equations with higher-order terms; however, in such developments, no special attention is paid neither to the definition of temperature, which is simply defined in terms of the kinetic theory of the particles, nor to the entropy. At the beginning of the 1980's, these questions received special attention as illustrated by the contributions to the kinetic foundations of extended thermodynamics by García-Colin and Eu as discussed in Sections 7.1 and 7.2.
The Mexican school (Garcia-Colin)
Garcia-Colin was one of the most prominent scientists in Mexico during the last 50 years. After doctoral studies at the University of Maryland, he was a member of the Colegio Nacional, the equivalent of the National Academy of Sciences and occupied several positions at the Universidad Nacional Autonoma de Mexico (UNAM) and the Universisdad Autonoma Metropolitana (UAM). He passed away in October 2012. A critical discussion of the main ideas behind EIT based on kinetic theory and statistical mechanics can be found in some papers by Garcia-Colin and his collaborators (e.g. [Garcia-Colin 1984 , 1988b , 1995 ).
The first criticism of Garcia-Colin against EIT is about the fact that the fluxes express the response of the system to the action of a force (like the gradient of temperature) rather than the measure of intrinsic properties. Based on Grad's development, it was suggested to use the higher moments a i of the distribution function which are in general a combination of the physical fluxes rather than the fluxes themselves. A different choice, meeting Garcia-Colin's objection, was recently proposed; instead of the heat flux variable q in the problem of heat transport, a renormalized flux variable q n was preferred taking into account the constitutive properties of the material like relaxation time and heat conductivity [Lebon 2008a] . A second controversial feature was about the identification of the s-function with an entropy function. There exist, however, strong arguments from the kinetic and information theories (e.g. [Jou 1993 ]) indicating that s may indeed be identified with a non-equilibrium entropy; further justifications were brought forward by Eu, using the notion of uncompensated heat proposed by Clausius [Eu 1992 ]. But more fundamentally, Garcia-Colin asked whether the property that σ s is positive definite is generally valid. He argued that the inequality σ s 0 has no meaning beyond the local equilibrium hypothesis. This is, of course, a crucial point as it concerns not only EIT, but also other nonequilibrium approaches as Rational Thermodynamics or internal variable theories. It is our opinion that the positiveness of the entropy production must be considered as a principle to be accepted, unless contradicted by experiments. Despite these controversial features, Garcia-Colin spent much effort to lay foundations of EIT on the general principles of the kinetic theory and statistical mechanics. It was determined by Garcia-Colin and Lopez de Haro to which extent the constitutive relations of EIT cope with the Green-Kubo relations of statistical Mechanics and the Chapman-Enskog scheme [Garcia-Colin 1982] , more particularly with the Burnett and super Burnett regimes [Garcia-Colin 1984] .
Eu's modified moment method (1980)
This method rests on Grad's original approach and was introduced by Eu in 1980. This author spent the essential period of his scientific activity at McGill University in Montreal before becoming a consultant of the Scientific Policy Department of SouthKorea, his native country. Eu's approach has undergone several versions with the 26 The European Physical Journal H latest version published in an extensive monograph on the subject [Eu 1992 ]. The variables are the fluxes and the tensorial higher moments M i defined by
3) with = (1/n) f dc and c i standing for the dyadic product cc, the third-order vectot (c.c)c, etc. Now, instead of Grad's expansion in terms of Hermite polynomials, Eu proposes for f the so-called canonical form
where H 0 = (1/2)mc 2 + V (r), V (r) being a conservative potential energy and
the h (α) 's are essentially the Hermite polynomials of Grad's method and the X (α) some thermodynamic forces which, at the lowest order are given by
⊗ denotes contraction or inner products. Grad's approach may be recovered after linearization of the exponential expression (7.4) around the local equilibrium distribution given by exp(−βH 0 ). After rather lengthy but straightforward calculations, one obtains for the entropy production a bilinear form
with Λ (α) = h (α) J(ff ) and J(ff ) standing for the collision term. The entropy flux is not given by the classical expression q/T but by the more intricate relation
with φ (α) = c h (α) f . It is interesting to note that Gibbs equation has the same structure as in EIT, namely
where
The gist of the ideas underlying Eu's approach is the same as in the more classical approaches by Jou, Lebon, and Müller's groups, i.e. enlargement of the space of state variables, restrictions placed by the second law, deep connection with kinetic theory. The merit of Eu's theory is its ability to cover the non-linear domain and, in particular, to yield constitutive relations predicting finite saturation of the fluxes within the limit of high values of the forces. This saturation is consistent with finite propagation of signals, and could be imposed as an additional requirement in the phenomenological approach of EIT. Eu was able to apply his theory not only to monatomic ideal gases but also to dense fluids, polymer solutions and other complex systems. The main difficulties with Eu's formalism is to assign an unequivocal physical interpretation of the several undetermined parameters and to propose a way of measuring them. Moreover, the evolution equations of the X (α) are rather complicated and have been solved only in rather simple cases. Nevertheless, at the simplest linear approximation, all the methods examined previously are converging in the sense that all of them lead to Cattaneo-Vernotte-Maxwell's type equations.
The MAXENT-NSOM approach (Luzzi and Vasconcellos)
Interesting justifications of the statistical foundations of EIT are also provided by a statistical-mechanics approach, the so-called MAXENT-NSOM (Maximum EntropyNonequilibrium Statistical Operator Method) proposed by Luzzi and his collaborators at the university of Campinas (Brazil) [Luzzi 2001 [Luzzi , 2002 . This model rests on a variational principle, namely the Jaynes (1963) maximization of the information statistical entropy. The requirement that entropy should be maximized in non-equilibrium steady states is not contradictory with maximization in equilibrium states, because it imposes restrictions not only on the internal energy and the number of particles (as in the macrocanonical distribution function) but also on fluxes present in the system (for instance, energy flux, matter flux, and momentum flux). The maximum value of the entropy under these additional requirements on the fluxes is less than the value of the entropy in equilibrium states. Thus, equilibrium states truly maximize the total entropy, under vanishing values of the fluxes. The higher the number of the non-vanishing fluxes, the lower is the corresponding maximum entropy. Maximum entropy theories introduce Lagrange multipliers conjugated to the several constraints acting on the system. The corresponding Lagrange multipliers are equivalent to those found in Müller and Liu's work, although motivated by different arguments. The Lagrange multipliers conjugate to the classical variables have a physical meaning, unlike the Lagrange multipliers conjugate to the fluxes which cannot generally be given a straightforward interpretation. They may, however, be interpreted by comparison with the generalized Gibbs equation of EIT. The expressions obtained from the generalized flux-dependent entropy are not limited to second-order terms, as in the simplest version of phenomenological EIT, but are strongly non-linear and non-local.
Other faces of non-equilibrium thermodynamics

Rational thermodynamics
As EIT was knowing its first steps in the early seventies, non-equilibrium thermodynamics was essentially dominated by CIT for one part and by rational thermodynamics for the other part. The roots of this theory are found in the developments of rational mechanics. Axiomatic aspects with theorems, axioms, and lemmas are dominating the account. The foundational papers are these of Coleman and Noll and Coleman published in 1963 respectively [Coleman 1963 , 1964 , the name "Rational Thermodynamics" was dubbed by Truesdell a few years later [Truesdell 1966 [Truesdell , 1969 . Although the formalism is mostly concerned with deformable solids with memory, other classes of systems, including fluids, chemical reactions, and shock waves, have also been investigated. The main objective is to put restrictions on the form of the constitutive equations by application of formal statements of thermodynamics. The founders of rational thermodynamics consider it as an autonomous branch arguing that a justification of the foundations and results must ultimately come from the theory itself. Rational thermodynamics was appreciated by the community of pure and applied mathematicians who were attracted by its axiomatic vision of continuum mechanics. The popularity of the theory failed at the end of the eighties because it was disregarded by physicists for its lack of physical background and by engineers because the constitutive equations take the form of functionals, which are not very tractable in practical situations (see the critical discussions by Lavenda and Woods [Lavenda 1979; Woods 1981] ). It appears also that the signs of some rheological coefficients as in the Rivlin-Ericksen model are contradicted by experience. Moreover, rational thermodynamics predicts instabilities for non-Newtonian fluids as it leads to an exponential growth of shear strain rate for a vanishing stress tensor [Müller 2012 ]. 
Internal variables theory
An alternative formalism was given by the internal variable theory (IVT), sometimes named "hidden variable theory" (e.g. [Coleman 1967; Mandel 1978; Kestin 1980; Bampi 1984; Maugin 1994] ). The basic idea is to complement the state of variables of classical non-equilibrium thermodynamics by extra variables describing the internal motions or (and) the internal microstructure. The foundations of IVT can be traced back to the kinetic theory with internal degrees of freedom (e.g. [Kirkwood 1967] ) which emerged on the kinetic theory of polymeric fluids by Hand and Bird among others [Hand 1962; Bird 1987] . To relate the theory of Kirkwood to thermodynamics was not a trivial task as it implies that one cannot express the entropy in terms of a polynomial in the fluxes. First attempts [Lhuillier 1979 , Grmela 1987 were made by Lhuillier and later by Grmela and Lye who suggested to formulate the corresponding entropy in the form s = (1/2)ln det c where c = RR f dR is the conformation or Hand's tensor, and R the end-to-end macromolecular distance between the molecules of the polymer chains. IVT has proven to be well adapted to the description of chemical reactions, plastic bodies, polymer solutions and electromagnetic bodies.
In contrast to EIT where the variables are well identified from the start, the main characteristic of internal variables is that usually there is a priori no reference to their physical nature, it is only at the end of the procedure that, in general, their physical meaning emerges. In contrast to external variables, the internal variables are not coupled to external forces, they do not contribute to the mechanical work and are consequently not controllable. Although not controllable, internal variables are nevertheless measurable by the effects produced inside the system: as an example, in plasticity, the internal variable is linked to the motion of dislocations and can be measured but not controllable.
A particular case is to consider the fluxes themselves as internal variables, leading to evolution equations for the fluxes, as in EIT. Let us illustrate this situation with two examples. The first one refers to polymer solutions, where it is logical to take the molecular configuration as an internal variable. This is usually achieved by means of the conformation tensor. In several macroscopic problems, where the tangential pressure on the boundaries of the system is controlled, the viscous pressure tensor of EIT appears as a more natural variable and has been preferred by some researchers [Jou 2000] . The second example is heat transport in superfluid helium II, where the heat flow may be considered either as an internal variable by itself, or may be related to the relative velocity between the normal and the superfluid components selected as internal variable [Mongiovi 1991 [Mongiovi , 1992 Jou 2000] . In practical problems, one observes a strong similarity between the final results whatever the choice of the variables (the viscous pressure or the heat flux in the case of EIT, the conformation tensor, or the relative velocity of the normal and superfluid components in the internal variables theory). This shows that EIT may be compared in a natural way with other non-equilibrium theories, especially at the microscopic level, beyond the classical description provided by the Boltzmann equation for ideal gases with predominant binary collisions.
Hamiltonian structures
Hamiltonian structures have been identified at various levels of description: the microscopic one (classical mechanics), the kinetic theory, and some macroscopic approaches (as, for instance, hydrostatics or equilibrium thermodynamics). It is natural to ask whether such a structure is preserved in more sophisticated descriptions and, more particularly, in non-equilibrium thermodynamics. An early Hamiltonian version of non-equilibrium thermodynamics was proposed by Grmela in a "Joint Summer Conference on the Mathematical Sciences on Fluids and Plasmas: Geometry and Dynamics" held in Boulder in 1983 [Grmela 1984] . The subject can be traced back to works by Clebsch and continued by Arnold [Clebsch 1859; Arnold 1966] . The first papers were based on one single generator, and the time evolution of the basic variables was expressed in terms of a non-dissipative Poisson bracket plus a dissipative bracket (e.g. [Beris 1994] ). These formulations were more recently superseded in some aspects by what is now known as GENERIC (General Equation for the Non-Equilibrium Reversible-Irreversible Coupling), whose latest developments can be found inÖttinger's book [Öttinger 2005] and in papers by Grmela [Grmela 2010 [Grmela , 2014 . One of the main merits of a Hamiltonian structure is that it provides restrictions on the reversible dynamics while the other thermodynamic theories, among which CIT, RT and EIT, place only restrictions on the irreversible parts of the constitutive equations. It is also worth stressing that the evolution equations of the fluxes of EIT (at least in the case of an incompressible fluid) share the property of possessing a Hamiltonian structure, as shown by Grmela and Lebon [Grmela 1990 ].
9 The Bellaterra meeting (1983): The first meeting devoted to EIT Several "Schools" were organized in the city of Bellaterra, the seat of the Universitat Autonoma Barcelona, starting in 1983 with the Escuela de Thermodinamica de Bellaterra, whose proceedings were published in [Casas-Vazquez 1984] .
The objective of these organizations was twofold: first, to couple the pedagogical trends of a school with the incentive of fresh information on topics of actual interest in non-equilibrium thermodynamics; second, to offer an overview of the several hundred papers that had been published by the diverse groups.
At this first international congress organized in 1983, particular emphasis was put on the early developments of EIT. The multi-faced aspects of the foundations were presented by Nettleton, Müller, the Liège-Barcelona school (Lebon, Casas-Vazquez, Jou) , Lengyel (Gyarmati's school), Garcia-Colin and Eu. An important part of the Conference was concerned with selected applications and with a comparison with other non-equilibrium approaches such as rational thermodynamics and the internal variable theory. Relations with the fluctuation theory and the kinetic theory of gases were also the subject of various contributions. The possibility of having a direct contact and live discussion amongst the several promoters of extended thermodynamics fostered its future presentations as a full-fledged theory, motivated by microscopic foundations and rich in applications. These presentations came out a few years later, in the form of reviews [Jou 1988; Nettleton 1995] and books [Eu 1992; Jou 1993 Jou , 1996 Jou , 2001 Lebon 2008b; Müller 1993 Müller , 1998 Sieniutycz 1994] . The 1983 school was paralleled and followed by other international conferences with the objective to open the concepts and applications of EIT to a wider audience.
After the 1983 Conference, two main trends of thought have emerged; the socalled Extended Rational Thermodynamics (ERT) headed by Müller and Ruggeri and the Extended Irreversible Thermodynamics formalism (EIT) as developed by the Liège-Barcelona school. EIT generalizes the Gibbs equation of CIT and does not require balance equations a priori, while ERT assumes a set of evolution equations based on the kinetic theory. EIT is more general but ERT is appropriate for studying monatomic, polyatomic and dense gases and shock waves. The last versions are summarized in the monographs co-authored by Müller and Ruggeri [Müller 1998 ] and Jou [Jou 1993 respectively with the aim to consolidate the theory as a broad and well-founded framework, with many related facets.
Through its several faces outlined in Section 5, Extended Thermodynamics has the advantage of proposing a formalism that is accessible to a wide community of researchers and applicants of physics, chemistry, biology, mathematics and engineering science. It is a well-structured mesoscopic formalism, whose foundations have been confirmed by kinetic theory, non-equilibrium statistical mechanics, and fluctuation physics. The parallelism between Extended Thermodynamics and information theory should be emphasized as both approaches use a generalized entropy, which is not necessarily limited to second order corrections. Extended Thermodynamics also elucidates the physical meaning of the Lagrange multipliers introduced to take into account the non-equilibrium constraints. As it goes beyond the local-equilibrium hypothesis, Extended Thermodynamics allows us to describe a wide variety of phenomena and processes, not (or only partially) covered by other thermodynamic formalisms.
Extended Thermodynamics is not confined to a limited number of places and schools, such as Barcelona, Berlin, Bologna, Liège, but it has spread over a much enlarged area, including Budapest (Gyarmati, Van, and Verhas) , Catania, Messina, and Palermo, (contributions by Anile, Valenti, Palumbo, Barbera, Restuccia and Mongiovì), Köln (Galenko), Montreal (Eu and Grmela) , Campinas (Luzzi and Vasconcellos) , Warsaw (Sieniutycz) , attesting for the universality of the problems dealt with in this theory.
The applications discussed in the present review represent only a part of a vast and varied domain of applicability with emphasis on -memory effects (fast processes, polymers, superfluids); -non-local effects (micro-and nano-materials); -non-linear effects (high powers, shock waves).
Actually, much efforts are paid to a discussion of the mathematical foundations [Cimmelli 2014] , to rarefied gases [Struchtrup 2005 ] and the formulation of boundary conditions for high order moments [Müller 2003; Barbera 2004] , heat transport at micro-and nano-scales is also the subject of intense activity (e.g. [Alvarez 2012; Lebon 2014] ).
We have seen that Extended Thermodynamics is by no way the unique theory of non-equilibrium thermodynamics and that the diversity of schools in non-equilibrium thermodynamics is considerably rich (e.g. [Muschik 2007]) . In addition to the classical formulation of irreversible processes as formulated by Onsager, de Groot, Mazur, and the Brussels school, we have briefly discussed the basic ideas of Rational Thermodynamics, mainly advocated by Coleman, Noll, and Truesdell, the GENERIC formalism, originally developed by Grmela andÖttinger as well as the hidden variable theory, worked out by Kestin, Maugin, Lhuillier, Bampi and Morro, among others. Answering the question "what is the best approach?" is highly subjective; it depends not only on the nature of the system to be analyzed but also on the tools available to the researcher, in addition to his goals, scientific education, and environment. The discussion is far from being closed. Up to now, most emphasis has been put on fluids while thermodynamics of solids has been the subject of less attention and asks for more developments. Several outstanding fundamental questions such as that of the uniqueness of non-equilibrium entropy and temperature, the status of the second law of thermodynamics, or the selection of the relevant state variables, to mention only the most important problems so far were only partly addressed and call for more definitive solutions.
